A generalization of the Stokes parameters of a random electromagnetic beam is introduced. Unlike the usual Stokes parameters, which depend on one spatial variable, the generalized Stokes parameters, depend on two spatial variables. They obey precise laws of propagation, both in free space and in any linear medium, whether deterministic or random. With the help of the generalized Stokes parameters, the changes in the ordinary Stokes parameters upon propagation can be determined. Numerical examples of such changes are presented. The generalized Stokes parameters contain information not only about the polarization properties of the beam but also about its coherence properties. We illustrate this fact by expressing the degree of coherence of the electromagnetic beam in terms of one of the generalized Stokes parameters.
As is well known, the polarization properties of an electromagnetic beam at a point in space can be determined either by use of the Stokes parameters 1 or the coherency matrix, 2 sometimes called the polarization matrix. In the past few years it was found that the degree of polarization of the beam can change upon propagation, even in free space. 3 -5 A general method based on the recently developed unified theory of coherence and polarization 6 -8 has made it possible to study such changes not only in free space but also in random media, e.g., in a turbulent atmosphere. 9 -12 The central quantity in this theory is a 2 3 2 correlation matrix of the electric f ield. It characterizes the correlations between two mutually orthogonal spectral components of the electric f ield at a pair of points in a plane perpendicular to the axis of the beam.
It is natural to examine whether a similar formulation can be developed in terms of the Stokes parameters. We show in this Letter that this can indeed be done. The crucial step toward such a formulation is the generalization of the Stokes parameters from one-point quantities to two-point quantities. We introduce this generalization, and in the section that follows we show that, with the help of the generalized Stokes parameters, one can determine how the usual Stokes parameters propagate. After the changes in the Stokes parameters upon propagation have been determined, one can readily determine how the polarized part of the beam changes as the beam propagates, i.e., how the magnitude of the axes of the polarization ellipse and its orientation vary from point to point. This subject is discussed in Ref. 12. Let us consider a random electromagnetic beam whose f luctuations are characterized by a statistical ensemble that is stationary, at least in the wide sense, propagating close to the z direction. Let 
where the asterisk denotes the complex conjugate.
To determine how these parameters change as the beam propagates, we need their generalization, which involves two points r 1 and r 2 rather than a single point r. Specifically we introduce generalized (or two-point) Stokes parameters, def ined by the formulas 15
Suppose now that the beam propagates in free space from the plane z 0, which we call the source plane, into the half-space z . 0. If ͕E ͑0͒ ͑r 0 , v͖͒ represents the ensemble of the electric f ield in the source plane and ͕E͑r, v͖͒ represents the ensemble of the propagated electric f ield at a point r ϵ ͑r, z͒ (see Fig. 1 ), then within the accuracy of the paraxial approximation [Ref. 13, and (5.6-17) ]
where
Here k v͞c, with c being the speed of light in vacuum. From Eqs. (3) and (4) it follows that
Equation (5) shows how the correlation functions ͗E ‫ء‬ i ͑r 1 , v͒E j ͑r 2 , v͒͘ ͑i x, y, j x, y͒ propagate from the source plane into the half-space z . 0. Since, according to Eqs. (2a) -(2d) the generalized Stokes parameters are just certain linear combinations of correlation functions ͗E ‫ء‬ i ͑r 1 , v͒E j ͑r 2 , v͒͘, it follows that each of them satisf ies the same propagation law, i.e., that S a ͑r 1 , r 2 , v͒ ZZ z0 S ͑0͒ a ͑r 0 1 , r 0 2 , v͒K͑r 1 2 r 0 1 ,
If we set r 1 ϵ r 2 ϵ r, Eq. (7) This matrix contains information about both the coherence and the polarization properties of random electromagnetic beams. On the other hand, the ordinary (one-point) Stokes parameters do not contain any information about the coherence properties of the field, and hence, from knowledge of them in the source plane, it is not possible to determine how they propagate. Equation (8) Our analysis can be readily generalized to propagation in any linear medium, whether deterministic or random. For the sake of completeness we note that the generalized Stokes parameters can be expressed in terms of the 2 3 2 cross-spectral density matrix of the f ield in a simple manner. It follows from Eqs. (2) and (5) It was recently shown that elements W ij ͑r 1 , r 2 , v͒ can be measured with the help of Young's interference experiment with pinholes at points P 1 ͑r 1 ͒ and P 2 ͑r 2 ͒, followed by polarizers and a compensator. 8 Hence the generalized Stokes parameters in Eqs. (10a) -(10d), which are linear combinations of the four elements of the 2 3 2 cross-spectral density matrix, can also be determined from such experiments.
It should be clear from the remarks that follow Eq. (9) that the generalized Stokes parameters contain information about both the polarization and the coherence properties of the beam. We will illustrate this statement by deriving an expression for the degree of coherence in terms of the generalized Stokes parameters.
The spectral degree of coherence of a random, statistically stationary, electromagnetic beam is given by the formula 6 h͑r 1 , r 2 
where Tr denotes the trace. Noting that [see Eq. (10a)]
S 0 ͑r 1 , r 2 , v͒ Tr $ W ͑r 1 , r 2 , v͒ ,
Eq. (11) can be expressed as h͑r 1 , r 2 , v͒ S 0 ͑r 1 , r 2 , v͒ p S 0 ͑r 1 , r 1 , v͒ p S 0 ͑r 2 , r 2 , v͒ .
It seems remarkable that the degree of coherence is expressible entirely in terms of only one generalized Stokes parameter S 0 . It is evident that generalized Stokes parameters, just like cross-spectral density matrix $ W , can be used to study both the coherence properties and the polarization properties of random electromagnetic beams.
